CS46 practice problems 1

These practice problems are an opportunity for discussion and trying many different solutions. They
are not counted towards your grade, and you do not have to submit your solutions. You
are welcome to consider these problems in any order. The later problems require more discussion.
The purpose of these problems is to get more comfortable with set notation, thinking about sets,
making proof-like arguments, and pondering the mathematical mysteries of infinity and 0.

1. Consider two sets A and B. Using direct proof, show that

AUB=ANB

(This proof is in the textbook reading, so if you are stuck, refer to that.)

2. Let ¥ be a finite alphabet (a set of letters). We define ¥* as the set of all strings using letters
from Y. Let C be a collection of sets, each of which is a subset of ¥*. We are given that
Y¥*eC.

Assume that C is closed under the operation set difference. (So if A € C and B € C, then
A\B e(.)

Using direct proof, show that:

(a) If A €C, then A €C. (C is closed under complement.)
(b) If Ae C and B € C, then AN B € C. (C is closed under intersection.)
(c) f Ae C and B € C, then AUB € C. (C is closed under union.)

3. Find the problems in the following proofs.

(a) ...in which we question the true nature of numbers. ..

Claim 1. It turns out that 1 = 0.

Proof. (directly)
Let x and y be any two non-zero numbers such that x = y. Then:

=1y our starting assumption
P?=z-y multiplying by = on both sides
22—yt =ay —y? subtracting y? from both sides
(z4+y) - (z—y)=(r—y) vy factoring
(x4+y) =y dividing by « — y on both sides
y+y=y substituting since z =y
2y=y
2=1 since y was nonzero
1= subtracting 1 from both sides



(b) This proof owes all credit to Professor Danner’s cackling brilliance.

Claim 2. Linear search is O(1) runtime.

Proof. (by induction on n, the length of the list we are searching)

base case: If n = 1, then linear searching a list of length n = 1 takes 1 operation, which
is O(1).

inductive hypothesis: Assume that if we have a list of length k& some constant, then linear
search on that list takes O(1) time.

inductive step: Consider a list of length n = k + 1. When we do linear search on it, we
first do linear search on the list of length & that is the first “part” (the first k& elements)
of this list. This takes O(1), according to the inductive hypothesis. If we haven’t found
the item we’re looking for yet, then we do one more check to see if it is the last item in
the list. This check takes O(1).

Thus total runtime is O(1) + O(1) = O(1). O

(c) ...in which common sense is challenged. . .

Claim 3. In any set of h horses, all horses are the same color.

Proof. (by induction)

Base case: For h = 1, in any set containing just one horse, clearly all horses have the
same color.

Induction hypothesis: Assume that in any set containing k horses, all horses have the
same color.

Induction step: Consider any set H of h = k 4+ 1 horses. We want to show that every
horse in this set is the same color.

Remove one horse from this set to get a set Hy of k horses. By the inductive hypothesis,
every horse in this set is the same color.

Now replace the removed horse, and remove a different horse. Now we have a set Ho of
k horses. By the inductive hypothesis, every horse in this set is the same color.
Therefore, all horses in the set H are the same color. O

4. We saw in class that |[N| = |Z| = Xy # |R| = Ny, even though both N and R are infinite sets.
In this problem, we will consider the set Q = {$ | a,b € Z} of all rational numbers. We will
argue that Q is “countable”, too.

Definition 4. A set S is called countable if S is finite or has the same cardinality as N.

The idea is that we can “count” the elements of S according to their pairing with the elements
of N=1{1,2,3,4,...}. We will also use the term “enumerable” for this property (for the same
reason: we can enumerate the elements of 5).

(a) Draw a Venn diagram of N, Z, and R. Where does Q fit in this diagram?

(b) Let’s start by only considering the positive rational numbers Q™ = QN {z | x > 0}.
Come up with a way to list the elements of Q. Your list is allowed to have duplicates.
Hint: The definition of Q says that every rational number z € Q is representable as 7
where a,b € Z. How can you use this to make sure your list includes every x € Q7



(¢) Remove duplicates from your list. (You don’t need a rigorous description of how to do
this, but you should consider how you would identify duplicated numbers and make sure
that you don’t eliminate some number completely from the list.)

(d) Congratulations! Now that you have a list, you can set up your function f : N — Q% and
check that it is one-to-one and onto.

(e) To finish the argument, explain how to extend our function f which shows that QT is
countable to a function f’ which shows that all of Q (including the negative rational
numbers) is countable.

Hint: We saw a “trick” for dealing with positive/negative numbers in the proof that Z
is countable in class. Try a similar technique here.

5. Prove that Nx N is countable. (Hint: follow a similar structure as what you used for showing
Q is countable.)

6. Is N x R countable? If so, give a construction. If not, prove that no function f : N — N x R
can be one-to-one and onto.



