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So far we have Ay and HALTr), which are both undecidable but recognizable.

In your book, they discuss:
- Epy ={< M >|Mis a Turing machine and L(M) = @}
- REGULARyy = {< M > |M is a Turing machine and L(M) is a regular language}
- EQy = {< My, M, >|M; and M, are Turing machines and L(M;) = L(M,)}
- ALLcpg ={< G > |GisaCFGand L(G) = Z*}
... and prove that all of these are not decidable.

Claim: E'7, is undecidable.

Proof: (by contradiction) A_ {
S'pose that E7y, is decidable, and is decided by some decider R. I .De L
Want to show how to build a decider for A7y, using R as a subroutine (this will be our contradiction). e

Build § ="On input < M,w > where M is a Turing machine and w is a string: L ( N(\ \S ‘&M

1. Build a new Turing machine Nj.

N; = "oninput x:
a. Ifx!= w thenreject. ¢

b. Ifx = wthenrun M on input w and do the same."
2. RunR oninput < N; >.

iw"s oc
3. If R accepts, reject. Else, accept.”
Need to check: @

M atll é"’

- IsSadecider?
Yes: it has 3 lines; line 1 definitely halts, line 2 halts because R is a decider, and line 3 halts and returns M { y st
accept/reject, so overall S is a decider. "3

- If < M,w >€ Ary then we know that M accepts string w. N; will reject all other strings, but accepts w, so o‘ ‘°¢> o1,
L(N;) = {w}. So online 2, R will reject < N; >, so on line 3, S accepts!

- If < M,w > isnotin Ay and M does not accept w. N; will accept no strings, so L(N;) = @. So on line 2, R will w
accept < N; >, soon line 3, S will reject.

- If < M,w >isnotin Ay because it is a bad encoding. Then N; does some weird behavior because M and w M »\Ml K ’kb A’\S{—Ws\)\SM

are a bad encoding, but it definitely doesn't accept ever, so L(N;) = @, so again R will accept < N; > and so
on line 3, S will reject.

So we have built a decider S for Ay, but we know that Ay, is not decidable! =« O uw u“ W Z m ﬁ wfg oY ¢>
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Define CONTEXTFREEry = {< M >| M is a Turing machine and L(M) is a context-free language}

Claim: CONTEXTFREETr,, is undecidable.

Proof: (by contradiction)

S'pose that CONTEXTFREEr), is decidable, and is decided by some decider R.

Want to show that we can build a decider for HALTr), using R as a subroutine (this will be our contradiction). { Tx A, *

Build S ="On input < M,w > where M is a Turing machine and w is a string:

L s o LN ' ether

a. Ifx = 0™1™2" for somen, accept.

b. Else, run M oninput w. AR ‘*
c. Accept.” {O l 2. oC

2. Run R on < N, > and do the same."

Need check: /n '
- Sisadecider. Line 1 finishes and line 2 runs a decider, so it also finishes.
- If < M,w >€ HALTy) then M halts on w. So N, will accept £*, which is context-free, so R will accept < N, >
so S will also accept. M \wYS M b\d‘ka\ w
- If<M,w >isnotin HALTyy and M loops on w, then N, will accept strings in {0™"1"2"} and loop on all other
strings, so L(N-) is not context-free. So R will reject < N, >, so S will also reject. OV\

- If < M,w >isnotin HALTy and is badly formatted, then we should specify either (I) "when you try to run
something that's not a TM on line (b), you loop forever" or (II) "when you try to run something that's not a
TM on line (b), you reject”. Then N, accepts {0™1"2"} and loops/rejects all other strings, so again L(N,) is
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