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Summary . Recert progressin remote sensing has made massive amounts of high
resolution terrain data readily available. Often the data is distributed as regular
grid terrain models where eadh grid cell is assaiated with a height. When terrain
analysis applications processsuch massiwve terrain models, data movemert between
main memory and slow disk (1/O ), rather than CPU time, often becomesthe per-
formance bottleneck. Thus it is important to consider I/O-excien t algorithms for
fundamental terrain problems. One such problem is the hierarchical decomposition
of a grid terrain model into watersheds{regions where all water °ows towards a sin-
gle common outlet. Seweral di®erert hierarchical watershed decompositions schemes
have been described in the hydrology literature. One important such scheme is the
Pfafstetter label method where each watershed is assigneda unique label and each
grid cell is assigneda sequenceof labels corresponding to the (nested) watersheds
to which it belongs.

In this paper we presert an I/O-e+cien t algorithm for computing the Pfafstetter
label of each cell of a grid terrain model. The algorithm uses O(sort(T)) 1/Os,
the number of 1/0Os neededto sort T elemerts, where T is the total length of the
cell labels. To our knowledge, our algorithm is the “rst etcient algorithm for the
problem. We also presert the results of a experimental study using massive real life
terrain data that shows our algorithm is practically aswell astheoretically excient.
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1 Intr oduction

Over millions of years,rainfall hasbeenslowly etching networks of riversinto
the terrain. Today, studying theseriver networks is important for managing
drinking water supplies, tracking pollutants, creating °0od maps, and more.
Hydrologists can use large-scaledigital elevation models, or DEMs, of the
terrain along with a Geographic Information System, or GIS, to automate
much of such studies. Often it is not necessaryto study the ertire terrain or
river network at once; frequertly one is only interested in regions that are
downstream of a particular river, or the upstream areasthat cortribute °ow
to a particular river. By decomposing the terrain into a set of disjoint hydro-
logic units|regions where all water within the region °ows towards a single,
common outletjone can quickly identify areas of interest without having
to examine the ertire terrain. The Pfafstetter labeling scheme described by
Verdin and Verdin [16] de nes a hierarchical decomposition of a terrain into
arbitrarily small hydrological units, ead with a unique label. These Pfafstet-
ter labkels alsoencade topological properties such asupstream and downstream
neighbors, making it possibleto automatically identify hydrological units of
interest basedon the Pfafstetter label alone.

In this paper, we describe an excient algorithm for computing Pfafstetter
labels exciently on grid DEMs. Our algorithm is capableof handling massiwe
high-resolution DEMs that are too large to 't in the main memory of even
high-end machines.With recert progressin remote sensingtechnology, such as
LID AR, such DEMs areincreasingly becomingavailable. Existing methods for
determining hydrological units on grid DEMs useeither manual methods [14],
local Tters [13, 10], or full terrain °ow modeling [12] to identify terrain fea-
tures and extract watersheds.While manual methods are often very ad-hoc,
some of the main disadvantages of the current automatic methods is that
they do not naturally de ne a hierarchical decomposition or a hierarchy that
encale topological properties such as upstream and downstream neighbors.
Furthermore, the existing algorithms cannot handle massiwe grid DEMs.

1.1 Pfafstetter labels of grid DEM

Conceptually, the de nition of Pfafstetter labels [16] is independent of what
DEM represeration is used.However, for brevity we here only formally de ne
Pfafstetter labelsfor grid DEMs.

Seeral di®erert methods for modeling water °ow on grid DEMs have been
proposed;refer to [10, 8, 12, 15] for a discussionof the di®erert methods. To
model the direction water naturally °ows from ead cell s in the grid, most of
these methods assignone or more °ow directions from s to one or more of its
(at most) eight neighboring cells. In the most common method [10], ead cell
s is assigneda single °ow direction to the lowest of the lower neighboring cells.
To model water “ow o®the terrain, cellson the boundary of the terrain (cells
with lessthan eight neighbors) without any lower neighbors are assigneda



I/O-Excien t Hierarchical Watershed Decomposition of Gridded Terrains 3

°ow direction to an imaginary cell “zoutside the terrain (the \outside sink").

The cells and °ow directions naturally form a graph with an edgefrom cell
s to cellt if s is assigneda °ow direction to t. Assuming that the grid DEM

doesnot contain any cells without lower neighbors other than the boundary
cells, this graph is indeed a tree T sinceit cortains N | 1 edges(eac cell
except ¥2has one downslope edgeto a neighbor cell) and doesnot have cycles
(°ow directions go to lower cells). If we root T in %; ead cell s with °ow
direction to t hast asits parent and is connectedto %through a unique path

to si+1, i.e., water can °ow from s to (the outside) Y2through s;;s3;:::Sk; 1;
water from cellsin the subtreerooted in s drain through s on its way to (the
outside) ¥2 We call such a path in T ariver R with mouth %2(and source
s). If the grid DEM does cortain cells without lower neighbors other than
the boundary cells, assigning °ow directions as above to cells with a lower
neighbor leadsto a forest of trees where water in ead tree can °ow from a
cell through parert cellsto the root of a tree [5].

We de ne Pfafstetter labels of a grid DEM in terms of a forest of trees.
For simplicity in this abstract, we only consider a single binary °ow tree T
with root ¥z Furthermore, we assumethat ead leafl in T is augmerted with
a drainage area d(I) , 1, and that ead internal node v in T is augmerted
with a drainage area d(v) that is one plus the sum of the drainage areas of
v's children. Note that if d(I) = 1 for every leaf I, then d(v) is the size of the
subtree rooted in v.

Pfafstetter labels of a binary °ow tree T augmenred with drainage areas
arede ned asfollows. Let the main river R of T bethe root-leaf path obtained
by starting at the root “20f T and in ead) node cortinuing to the child with the
largestdrainage area. The subtreesobtained if R is removedfrom T are called
tributary basins or tributary trees and the root, t, of one of these subtrees,
Tt, is called a tributary mouth. First consider the casewhere at least four
tributary mouths are obtained if R is removed. In this case,let vy;V4;Ve; Vs
be the four tributary mouths with largest drainage area, numbered in the
order their parents are met when traversing R from “.towards a leaf. Let p;
and s; denote the parent and the sibling of v;, respectively; both p; and s;
areon R. If we remove the eight edgesincident to p; ps; ps and ps (i.e. edges
(vi, pi) and (si, pi), fori 2 £2;4;6;8g), T is decompsedinto four tributary
basinsrooted in v», V4, Vg, and vg, aswell as" v e interbasins rooted at sg = %2
S2, S4, Se and sg. The Pfafstetter label of a node in the tributary basin rooted
in v; isi followed by the label obtained by recursively labeling the basin. The
label of the nodesin the interbasin rooted in s; (which includes nodeson R)
isi+ 1 followed by the label obtained by recursively labeling the interbasin. In
the casewhere 1l - k < 4 tributary mouths are obtained when R is removed
from T, labels 1 through 2k + 1 are assignedas above, while labels 2k + 2
through 9 are not assigned.Finally, no labels are assignedwhen no tributary
mouths are obtained, that is, when all nodesof T areon R. Referto Figure 1.
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°ow
V direction

Fig. 1. Left gure: A °ow tree T with the main river shown aswhite circles and trib-
utary mouths asblack circles (circle nodesconstitute an augmernted riv er). Removing
the eight bold edgesdecomposesT into four tributary basins and v e interbasins,
eac with the rst digit in their Pfafstetter label shown in bold type. The remaining
digits in the Pfafstetter label of the nodes in eact basin (subtree) are computed
recursively. Two right “gures: First level of recursion for interbasin labeled 5 and
tributary basin labeled 2.

1.2 1/O-ef cient algorithms

When processingmassiwe datasetsthat do not 't in main memory and must
therefore reside on larger but considerably slower disks, transfer of data be-
tweendisk and main memory (also called I/O) often becomeghe performance
bottleneck. In sud casesthe use of so-called 1/O-excient algorithms that
minimize the number of disk accessesxan lead to tremendous runtime im-
provemerts. |/O-excien t algorithms are algorithms designedin an 1/0-mo del
where the macdhine consistsof an internal (or main) memory of limited size
M and an in nite external memory. Computation is consideredfree but can
only occur on data in main memory; in one I/O-op eration (or simply I/O ) B
consecutive elemerts can be transfered betweeninternal and external memory.
The goalis to solve a given problem using as few I/Os as possible[1].
Trivially , the number of I/Os neededto scanthrough N elemerts in the
I/O-mo del is E(E—) = £ (scan(N)). Aggarwal and Vitter showed that the
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number of I/Os neededto sort N elemerts is £ (¥ logy g §) = £ (sort(N)).
Note that sort(N) is typically much smaller than N. Therefore tremendous
speedupscan often be obtained by deweloping algorithms that useO(scan(N))
or O(sort(N)) 1/Os rather than - (N) I/Os; algorithms that are designedto
work on data that "ts in main memory often use- (N) I/Os when usedin
the 1/0-mo del.

Numerous I/O-excien t algorithms and data structures have been dewel-
oped, including many for GIS problems. Previous results that are particularly
relevant for our work include O(sort(N)) 1/0O algorithms for various problems
on trees [7] and various °ow computation problems on large grid DEMs [5],
as well as external stadks and priorit y queueson which N operations can be
performed in O(scan(N)) and O(sort(N)) I/Os [3, 6], respectively. Refer to
recen surveysfor further results [17, 2].

1.3 Our results

In this paper we present an I/O-excien t algorithm for computing the Pfaf-
stetter labels of a °ow tree in O(sort(T)) I/Os, where T is the total length
of all labels. If eath Pfafstetter label consistsof a constart number of digits,
e.g.,if wetruncate the labels, our algorithm usesonly O(sort(N)) I/Os, where
N is the number of nodesin the °ow tree. If the ow tree and the labels t

in main memory, our algorithm usesO(T) time. The overall algorithm is de-
scribed in Section 2; it utilizes an algorithm for labeling a single river with

tributary basinsthat consist of single nodes, described in Section 3. In Sec-
tion 4 we investigate the practical useof the algorithm: we discusshow a °ow
tree that yields practically realistic watershed hierarchies (Pfafstetter labels)
can be obtained in O(sort(N)) I/Os from a general grid DEM (with many
cellswithout lower neighbors) using previous algorithms. We also presert the
results of a preliminary experimental study using massiwe real life terrain data
that shows that our algorithm is practically aswell astheoretically etcient.

2 Computing Pfafstetter labels of o w tree

The recursive de nition of Pfafstetter labels of a binary °ow tree T naturally
leadsto a recursive algorithm to compute the labels: Compute the main river
R and four largest tributary mouths, break the tree into nine subtrees,and
recurse. Unfortunately, due to random data accesspatterns, it seemshard
to make such a direct algorithm 1/O-e+cien t. Instead our algorithm works
by decompsing T into a set of rivers augmened with tributary mouths,
Pfafstetter labeling them individually , and "nally combining the labels of the
individual augmerted rivers to obtain the Pfafstetter labels for all nodes of
T.

Our decomposition of the °ow tree T into augmerted riversis de ned by
a tributary tree T!, where ead node | in T' stores an augmerted river R}
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and where m is a child of | if and only if the parent of the mouth of R{,
is on R}, that is, if R!, °ows directly into R}. More precisely the root r of
T! corntains the path obtained by starting at the root %0of T and in eadh
node cortinue to the child with the largest drainage area; for ead node v on
the path we also include the (possible) child of v not on the path (called a
tributary mouth node) in R}. Note that R! is the main river R in the above
de nition of Pfafstetter labelsof the °ow tree T augmerted with its tributary
mouths. The root r hasa child for ead tributary basin of R, that is, for each
subtree of T obtained if R is removed from T; the rivers in these children
are obtained recursively. Note that this meansthat ead tributary mouth is
stored exactly twice, namely in R! and asthe mouth of the main river R} in
a child | of r. Referto Figure 2.

Given a Pfafstetter labeling of ead individual augmerted river R} in the
tributary tree T!, we can combine these labels to obtain the Pfafstetter la-
beling of the whole °ow tree T as follows. Consider the augmerted river R!
stored in the root of r. As mertioned, R! is the main river R in the deni-
tion of Pfafstetter labels of T, augmerted with its tributary mouths. Since
in the de nition of Pfafstetter labels of T, the labeling of R only depends
on the drainage area of its tributary mouths (‘rst digit is determined by the
four tributary mouths with largest drainage areas, and the rest recursively
determined in ead interbasin), the labels of the nodesin common between
the main river R and the individually labeled augmerted river R} are indeed
the same.Furthermore, the labels of the nodesin a tributary basin of R con-
sists of somepre x determined by the labeling of the nodeson R (a digit for
ead recursive labeling step where the tributary basin is part of one of the
four interbasins, followed by a digit determined in the recursive call where
the tributary mouth has one of the four largest drainage areas), followed by
the label obtained by recursively labeling the basin. The pre x is exactly the
label assignedto the mouth of the tributary basinin the augmerted river Rt.
Thus we can obtain the Pfafstetter labels for all nodesin T from a labeling
of the augmerted riversin Tt, simply by assigningthe nodesin the main
river R the labels of the corresponding nodesin R! in the root r of T!, and
recursively labeling the nodesin ead subtree of r while pre xing the labels

Fig. 2. The root r of the tributary tree T' and v e subtrees. The augmerted river
R! is stored in the root and for each tributary mouth nodein R} there is one subtree
ofr.
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in the subtreerooted in child | with the label of the tributary mouth node in
R! corresponding to the mouth of the main river R}.

Intuitiv ely, computing the tributary tree T! from °ow tree T is easierthan
computing Pfafstetter labelsdirectly on T. The de nition of Tt suggesta nat-
ural algorithm basedon a DFS-traversal of T, where in ead step the child
with largest drainage area is chosen. By modifying the known O(sort(N))
I/0 algorithm for DFS-numbering nodesin a tree [7], it is possibleto obtain
a O(sort(N)) I/O algorithm for our special DFS-traversal problem. However,
while the know general DFS-numbering algorithm is quite complicated (and
therefore not of practical interest), the special structure of °ow trees (de-
creasing drainage area along root-leaf paths) allows us to dewelop a simple
and practical O(sort(N)) I/O algorithm. We describe this algorithm (which
utilizes an I/O-excien t priority queue)in the full version of this paper. Simi-
larly, onceead individual augmented river in the tributary tree T! hasbeen
labeled, an algorithm based on DFS-traversal (or a BFS-traversal) can be
usedto combine the labels from the augmerted riversto obtain the Pfafstet-
ter labelsof T in O(scan(T)) I/Os, where T is the total length of the labels.
We also describe such a simple and practical algorithm in the full paper. We
describe the remaining part of our algorithm, an O(scan(T)) 1/O algorithm
for computing the Pfafstetter labels of a single augmerted river, in Section 3.
This leadsthe following main result.

Theorem 1. The Pfafstetter lakels of a ow tree T can be constructed in
O(sort(N) + scan(T)) I/0Os, where T is the total size of the labkels of all nodes
inT.

Remarks. In the full paper we discussthe following properties of our al-
gorithm. (i) It can easily be modi ed to handle non-binary °ow treesin the
samel/O-b ound. (ii) It can easily be modi ed to handle forests rather than
trees in the samel/O-b ound. (iii) If eat Pfafstetter label consistsof a con-
stant number of digits (elemerts), e.g.if we truncate the labels, it only uses
O(sort(N)) I/Os. (iiii) If T, T! and all labels t in memory, we can easily
designa Pfafstetter labeling algorithm that usesO(T) time.

3 Labeling a single river

In this sectionwe describe a simple and 1/0O-excien t algorithm for computing
the Pfafstetter labels of a single augmerted river R{{a simple °ow tree con-
sisting of one path (river) where ead node (possibly) has a tributary mouth
node child. Our algorithm is described in Section 3.2; in Section 3.1 we rst
discussa data structure, the Cartesian tree, usedin the algorithm.
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3.1 Cartesian tree

C(A) of A is a binary tree de ned asfollows [9]: If A is empty, C(A) is empty.
Otherwise, let a; be the elemern with the largestweight in A; if there is more
than one occurrenceof the largest weight, a; is the elemert that appears rst
in A. C(A) consistsof a root v containing an elemen with weight a(v) = a;,
with aleft subtree C((as;::;;&; 1)) (a Cartesian tree on the elemers beforea;
in A) and a right subtree C((aj+1 ;:::;an)) (a Cartesian tree on the elemens
after a in A). Note that the weights of elemens on a root-leaf path in C(A)
are nondecreasing.

The Cartesian tree C(A) of a sequenceA can be constructed in O(N)
time using an algorithm that iterativ ely constructs C(A;) from C(A;; 1) as
follows [9]: Let the rightmost path P of C(Ai; 1) be the path traversed by
starting at the root r and repeatedly cortinuing to the right child until a
node | without a right child is reached; note that this is not necessarilythe
path from the root to the rightmost leaf of C(A;; 1). We construct C(A;) by
“rst traversing P from | towards r, until two adjacert nodesu and v are
located such that a(u) , a > a(v); if a(l) , a, u= 1| and v is non-existing,
and if a(r) < a, v = r and u is non-existing. Then we construct a new
node w cortaining an elemen with weight a(w) = a;, and make w the right
child of u and v the left child of w. Referto Figure 3. The correctnessof the
algorithm follows from the fact that the weights of the elemerns along P are
non-decreasingand that w is inserted as a right child without a left child;
Referto [9]. The linear time bound follows from the fact that all nodeson P
traversedto nd u and v (except u) are removed from P by the insertion of
w (that is, they are not on the rightmost path of C(A;)) and therefore they
are not traversedin later iterations; thus we traverse O(N) nodesin total.

Given the sequenceA stored as a list in external memory, we can imple-
mernt the above algorithm such that we compute C(A) and store it asa sorted
list C of post-order numbered nodesin external memory using O(scan(N))

@ () ©

Fig. 3. Inserting w to obtain C(A;) from C(A;; 1); dotted lines indicate inserted
edges.(a) a(u) , a(w) > a(v) (b) a(l) , a(w) (c) a(r) = a(v) < a(w).
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I/Os; a post-order numbering of the nodesin C(A) is the numbering consisting
of a recursive numbering of nodesin the left subtree of the root r, followed
by a recursive numbering of nodesin the right subtree of r, followed by the
numbering of r, and where ead node storesthe numbers of ead of its chil-
dren. Note that the nodes on the rightmost path of C(A) have the highest
post-order numbers.

To implement the algorithm I/O-excien tly, we maintain the following two
invariants for C(A;; 1): (1) Except for the nodeson the rightmost path P of
C(Ai; 1), all nodeshave beenpost-order numbered and stored in sorted order
in alist C in external memory; (2) Nodeson P are stored on a stadk S in the
order they appear on P (with the leaf | on top of S), and ead node stores
the correct number of its left child (stored in C, if existing).

Initially C and S are empty. To compute C(A;) from C(A;; 1) while main-
taining the invariants, we implement the traversal of P from | towardsr used
to 'nd u and v as follows. Until u is on the top of S (or S is empty), we
repeatedly pop a hode s from S and insert it after the last elemen t in C; we
number s with the number following the number of t and (except for 1) we
setits right child number equalto the number of t. Then we set the left child
number of the new node w equalto the number of the last elemen v inserted
in C (if existing), and pushw on S. After computing C(An) = C(A), we pop
eat node s from S in turn and insert it in C, while updating numbers and
right child numbers as above.

That the above procedure maintains the rst invariant can be seenas
follows. Before the procedure, the nodes on the rightmost path of C(A;; 1)
stored on S have the largest numbersin the post-order numbering of C(A;; 1),
and by the “rst invariant the remaining nodesof C(A;; 1) are stored in post-
order number order in C. Since nodes are popped from S and inserted in C
in post-order, the nodes of C(A;) in C are also in post-order number order.
The left and right child numbers of eath node s inserted in C are also correct,
sinceby the secondinvariant the left child humber was already correct before
the insertion, and the right child number is explicitly setto the last inserted
nodet (or left empty in the caseof the rst inserted nodel), which alsoby the
secondinvariant is the right child of s. That the procedurealso maintains the
secondinvariant can be seenasfollows. By the secondinvariant the nodeson
P are storedin order on S beforethe procedure. Sincethe nodesthat are not
on P in C(A;) are popped from S, and sincethe only node pushedon S is the
new leaf w on P in C(A;), the nodeson P are also stored in order on S after
the procedure; eac node store the correct left child number, since the left
child number of the only new node w is explicitly setto v. After computing
C(An) = C(A), invariant one implies that all but the nodeson P have been
correctly numbered and stored in C. Sinceby invariant two, the nodeson P
are stored in post-order number order on S, the list C correctly cortains all
nodesin C(A) in post-order number order after popping eat elemen from S
and inserting it in C.
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Overall, the algorithm performs one scanof A and one scanof C, aswell
asO(N) stadk operations. Sincea stadk can easily be implemented sud that
ead operation takes O(1=B) 1/0s (by keeping the top B elemens in an
internal memory bu®er and only reading/writing to disk when the bu®eris
empty/full), the algorithm usesO(scan(N)) I/Os in total.

Augmented Cartesian tree. In our augmeried river labeling algorithm we
will use a slightly modi ed version of the Cartesian tree, called an aug-
mented Cartesian tree. An augmerted Cartesian tree G,(A) of a sequence

where eah node v has beenaugmened with copiesof the four nodes (post-
order number, drainage area, and children post- order numbers) with largest
weight in the subtree rooted in v; if two nodes have the same weight, the
node with the weight that appear rst in A is chosen.Note that one of these
largest weight nodesis v itself. In the full version of this paper we show that
we can easily modify our I/O-excien t Cartesian tree construction algorithm
to construct an augmerted Cartesian tree without performing any extra 1/0Os.

Lemma 1. Given a sqquen@ A of N elements, each with a weight, the aug-
mented Cartesian tree G,(A) can be computed and stored as a sorted list of
post-order numkbkered nodesusing O(scan(N)) 1/Os.

Observ ation 3.1 The four largest weight nodes stored in the root r of an
augmented Cartesian tree G,(A) constitute a connected subtree of G,(A)
rootedin r.

Proof. The four nodescontaining the elemens with largest weights trivially

include r. Assumethat they do not form a connectedsubtree. Then one of
them is a node v, other than r, whoseparen u is not one of the four nodes;
therefore the weight of u is smallerthan the weight of v. This contradicts that
the weights of nodeson any root-leaf path in C,(A) are nondecreasing.c

3.2 Labeling ariver

We are now ready to describe how to computer the Pfafstetter labels of an
augmerted river R} with mouth (root) s, and sourcet. Recall that by the
denition of Pfafstetter labels,the labelsof R} are obtained by rst identifying
the four tributary mouth nodesv,;v,; Ve and vg with largest drainage area,
numberedin the order they appearalongR!, and label them 2; 4; 6; 8. Then alll
edgesincident to their parents p; ps4; ps and pg are removed, decomposingR!
into "v e interbasins rooted in sy and the siblings s;; s4; Ss and sg of v,; v4; Vg
and vg. Finally, ead interbasin is labeled recursively, and the label of eat
node in the interbasin rooted in s; is pre xed by i + 1. In the casewhere R}
only has1 - k < 4 tributary mouth nodes, labels 2k + 2 through 9 are not
assigned;when there are no tributary mouth nodes (when k = 0) no label
(other than the possiblepre x) is assigned.
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Fig. 4. Bottom gure: An augmerted river with drainage areas(asit is stored in L);
the weight of river nodes (white circles) is zero and the weight of tributary mouth
nodes (black circles) is equal to their drainage area. Top “gur e: Cartesian tree C(L)
with the four tributary mouth nodesv;;va;Vve and vg with largest drainage areas
(weight), and the "v e Cartesian trees C(Lo); C(L2); C(L4); C(Ls) and C(Lg) for the
v e interbasins obtained when removing edgesincident to their parents pz;ps;ps
and pg in L (removing V2; Vva; Ve and vg from C(L)).

The augmerted Cartesian tree provides us with an easyway of computing
the Pfafstetter labels of R}. Consider constructing an augmerted Cartesian
tree Gy(L) on the sequencel consisting of the nodesalong R} ordered from
mouth to source,where eadh tributary mouth node v is stored between its
parent p and sibling s, and where ead river node has weight zero and eadh
tributary mouth node v has weight equal to its drainage area d(v). Refer to
Figure 4. Note that if R} hasat leastonetributary mouth node, then the root r
of G (L) correspondsto the tributary mouth nodev with largestdrainagearea.
Splitting L at v (while removing v) corresponds to removing the two edges

sibling s of v. The augmerted Cartesian trees rooted in the children of r are
exactly G(L) and G (L,). Similarly, if the weights of the four largest weight
nodesin L storedin r are all non-zero,they correspond to the four tributary
mouth nodesvy;Vs; Ve and vg of R} with largest drainage areas. Splitting L
at vy; V4, Vg and vg (while removing thesenodes) correspondsto removing the
edgesincident to their parents p; ps; ps and pg, and results in "v e sequences
Lo = (So;:itipa)ila = (S2iiiiipa)iLa = (Sa;iiiipe)ile = (Seiiii;ps)

So; S2; S4; S¢ and sg. By Obsenation 3.1, the nodesin G,(L) corresponding to
Vo;V4; Ve and vg form a connectedsubtree rooted in r, and if this subtree is
removed, G,(L) is decomposedinto v e subtrees(since it is binary) that are
augmened Cartesian trees Gy(Lo); Gi(L2); Gi(L4); Gi(Le) and G(Lg) for the
“v e interbasins. Thus the Pfafstetter labels of R} can be obtained by label-
ing V2;Vv4; Ve and vg with 2;4;6 and 8, respectively, and recursively labeling
G(Lo); G(L2); G(L4); G(Le) and Gi(Lg) while pre xing all labelsin CGy(L;)
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with i + 1. In the casewhereonly 1 - k < 4 of the weights of the largest
weight nodesin L storedin r are non-zero, that is, if R} only hask tributary

that can be labeled recursively (that is, labels 2k + 2 through 9 are not as-
signed). Finally, if the weights of all nodesstored in r are zero, R} doesnot
have any tributary mouth nodesand no labels (other than the possiblepre-
"X) should be assignedto G,(L). Based on the above obsenations, we can
designan I/O-excien t algorithm for Pfafstetter labeling an augmerted river
R{ given as a list L consisting of the nodes along R} ordered from mouth
to source,where eat tributary mouth node v is stored betweenits parent p
and sibling s, and where ead river node has weight zero and ead tributary

mouth node v hasweight equalto its drainage area d(v).

We “rst construct an augmerted Cartesian tree C,(L) on L, stored as a
sorted list C of post-order numbered nodes. Next we label each node in C,
storing all labelsin a list C,, using a recursive traversal of Cy(L) as outlined
above, where we always recursively visit the right subtree of a node v before
recursively visiting the left subtreeof v, and wherewe explicitly implemert the
recursionstack S. The stadk S can contain two typesof elemeris, namely label
and recursion elemerts, both consisting of (the number of) a node v of G,(L)
and a Pfafstetter label (pre x) P. Initially , S contains a recursion elemert
for the root r of G(L) (that is, an element with number N) and an empty
label. We repeatedly pop an elemen from S and accessthe corresponding
nodev in C. If the elemen is a label elemen, we simply label v with P and
insert it at the end of Cp. If it is a recursion element, we want to label the
subtree of G,(L) rooted in v, while pre xing all labels with P. To do so, we
consider the four largest weight nodes vy;vy4; Ve and vg stored with v in C.
Assume rst that their weights are all non-zero.In this casewe label v;;vy; vg
and vg by pushing a label elemen for eat v; on S with the label P followed
by i; we also recursively label G(Lo); G(L2); Gi(L4); G(Le) and G(Lg) by
pushing a recursion elemen for ead of their roots (obtained from vy; v4; Vs
and vg) with labelsP followed by 1; 3;5; 7 and 9, respectively, on S. We push
the elemerts in the order they appear in a post-order traversal of the subtree
rooted in v, where left subtreesare visited before right subtrees; note that
this meansthat they appear in reversepost-order traversalorder on S. In the
casewhereonly 1- k < 4 of the largest weight nodesstored with v in C are

weights of all the largest weight nodesstored with v in C are zero, we simply
label v with P and insert it at the end of C,, and push two recursion elemens
with label P on S; ‘rst an elemers for the left child of v and then an elemeris
for the right child of v (note that this will evertually label the whole subtree
rooted in v with P).

That the above algorithm correctly computes the Pfafstetter label of
R} follows from the above discussion.The list C is constructed from L in
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O(scan(N)) I/Os (Lemma 1). Since we visit the nodesin Gy (L) in reverse
post-order, the N accesse$o C correspond to a backwards scanof C, and are
therefore performedin O(scan(N)) I/Os. If T isthe total sizeof the computed
Pfafstetter labels, the labels are written to C, in O(scan(T)) I/Os, and the
O(N) stack operations can also be performedin O(scan(T)) I/Os (since the
combined sizeof the labelspushedon S is O((T)). After computing the labels
of the nodesin C, stored in C,, we can easily label the corresponding nodes
in L in a single sorting step. However, by essetially reversingthe way C was
produced from L, we can also easily do so in O(scan(T)) 1/Os. Thus R} is
labeledin O(scan(T)) I/Os in total.

Lemma 2. Given an augmentel river R} asa ordered list L of N nodesalong
R}, where each tributary mouth node is stored between its parent and sibling,
the Pfafstetter labels of R} can be computed and stored with the nodesin L in
O(scan(T)) 1/Os, wher T is the total size of the labels of all nodesin R|.

4 Implementation and experimental results

In this section, we present the results of an experimental study of our Pfaf-
stetter labeling algorithm. We rst in Section4.1 discusshow we implemented
our algorithm to handle generalgrid DEMs (as opposedto the simpli ed case
consideredin the previous sections). In Section 4.2 and Section 4.3 we then
discussthe data and experimental results, respectively.

4.1 Implementation

In the introduction we discussedhow we can obtain a °ow tree T from a grid
DEM that (other than the boundary cells) does not contain any cells without
a lower neighbor, simply by assigningead cell a °ow direction to the lowest
of its lower neighbors and from ead boundary cell without a lower neighbor
to a special cell %2(the outside sink). Given the grid DEM with N cells in
row (or column) major order, we can easily in O(scan(N)) 1/Os construct a
represemation of T consisting of an unordered list of numbered nodes, where
ead node contains the numbers of its children, simply by scanningthrough
the grid three rows at a time, while for ead cell looking at cellsin a 3£ 3
neighborhood.

In the, most common, casewhere the grid DEM does cortain cells other
than boundary cellswithout lower neighbors, often called °at cells, the above
procedureleadsto a forest of trees, since ead cell without a lower neighbor
becomeshe root of a separate°ow tree. Simply computing Pfafstetter labels
for such a forest does not lead to realistic watersheds,becausetreating eat
°at cell as a sink doesnot model global water °ow very well. Often °at cells
appear together and form larger °at areas. These °at areascan be divided
into plateaus that contain at leastone spill point|a °at cell with at leastone
lower neighborland sinks that do not. Intuitiv ely, a single plateau should
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not yield separate °ow trees. Instead °ow trees with a cell in the plateau
should be connectedby assigning°ow directions suc that water °ows across
ead plateau to spill points. On the other hand, its often natural to regard
ead sink as giving rise to one separate watershed or °ow tree. This can be
accomplishedby connectingall °ow treeswith a root in the sink, for example
by assigning°ow directions such that ead cell in the sink hasa °ow path to
one speci ¢ cell in the sink.

Using known algorithms, we can compute °at areasof a grid DEM and
assign directions to plateaus and sinks as discussedabove in O(sort(N))
I/0Os [5]. We can also use known algorithms to compute the drainage area
of eat node in the resulting forest (with ead leaf | having drainage area
d(l) = 1) in O(sort(N)) 1/0Os [5]. After that we can compute Pfafstetter la-
belsin O(sort(T)) I/0Os usingour algorithm describedin the previous sections,
modi ed to work on a °ow forest rather than a °ow tree and to handle *ow
treesthat are not binary.

Often a grid DEM contains many small sinks that should intuitiv ely not
lead to separatewatersheds.Therefore a common practice in °ow modeling is
to °ood the DEM in order to remove all sinks, by simulating uniformly pouring
water onto the DEM (while viewing the outside asa giant sink) until a steady-
state is reached and all sinks are Tled by accunulating water [10, 11]. Thus
°ooding producesa terrain in which all °at areasare plateaus, and assigning
°ow directions towards spill points then lead to a single “ow tree for the grid
DEM. 1/0O-excient O(sort(N)) algorithms for °0oding a grid DEM and for
plateau °ow direction assignmem have been dewveloped and implemented in
the Terraflo  w software padkage[5]. In fact, this software also computesthe
drainage area of ead cell in O(sort(N)) 1/Os.

Our Pfafstetter implementation takes two input grids corresponding to
a DEM, namely the correspnding °ow directions and the corresponding
drainage areas.To obtain a realistic watershed hierarchy (Pfafstetter labels),
we used °ooded grid DEM models, where all cells, including °at cells on
plateaus, have already been assigneda °ow direction, as well as had their
drainage area computed by Terraflo w From theseinput grids we obtain
the unordered list represertation of T usedin our Pfafstetter algorithm by
a simple simultaneous scan of the two grids using O(scan(N)) I/Os; in the
same scan we also augmert ead node with the grid position of the corre-
sponding cell. After that our implementation follows the algorithm described
in the previous sections(modi ed to handle a non-binary °ow tree), and after
computing Pfafstetter labels of all nodes, we sort the nodesby grid position
using O(sort(T)) I/Os to obtain an output Pfafstetter label grid. (Option-
ally, we allow the userto truncate labelsto a maximum length, sothat eadh
label ts in O(1) logN -bit words and the sorting of labels can be done in
O(sort(N)) 1/0s). We implemented our algorithm in C++ using tpie [4], a
library that provides support for implementing 1/0-excien t algorithms and
data structures. The implementation work was greatly simpli ed by the fact
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that all main primitiv esof our algorithm|scanning, sorting, stadks and prior-
ity queues|are already implemented 1/0O-excien tly in tpie or terraflo  w.

4.2 Datasets

To investigate the practical performanceof our algorithms, aswell asthe re-
alism of the computed watersheds,we conducted a set of experiments with
“ve grid DEMs of varying size. The largest DEM covered the Neuseriver
basin in North Carolina at a resolution of 20 feet. It contained 396.5million
cells (such that the °ow directions and drainage areas occupied 5.8Gbytes),
and is publicly available from ncfloodmaps.com. The other four DEMs cov-
ered sub-basins of the upper Tennesseeiver basin at a resolution of one
arc second (approximately 100 feet) and corntained 2.7, 21.7, 30.8 and 147
million cells, respectively; these datasets are from the National Elevation
Dataset (NED) from the United States Geological Survey, publicly available
at seamless.usgs.gov .

4.3 Experimental results

For eath of the "v einput DEMs we usedTerraflo  w to compute Tled DEMs
with °ow directions and drainage area, and then we usedour implemenrtation
to compute Pfafstetter labels, truncated to nine digits. The experiments were
run on a Dell Precision Sener 370 (Pentium 4 3.40 GHz processor) with
hyperthreading enabled and running Linux 2.6.11. The machine had 1 GB
of physical memory, but we made sure that our implementation never used
more than 256 MB by setting a kernel °ag to limit memory to 256 MB and
instructing tpie to abort if more memory than this limit was allocated. All
data was stored on a single 400 GB SATA disk drive.

Table 1 shaws the time usedto label ead of the ve input DEMs, not
courting the the time used by Terraflo w. In all cases,the time taken
by Terraflo w was more than v e times the time taken by the Pfafstet-
ter labeling routine. Table 2 shavs how much time is spert in the various
phasesof the algorithm, as a percertage of total time. Constructing T! is
the most time consuming phase of the algorithm. This is not unexpected,
sincethis phaseis the most complicated (it utilizes a priorit y queue)and per-
forms O(sort(N)) I/Os. Interestingly, labeling T and Tt (using the augmerted
Cartesiantree) is a small fraction of the total time (this is somewhatexpected,

Dataset TenlTen2 Ten3 Ten4 Neuse
Input size (MB) 17 116 150 713 5,819
Size (mIn cells) 27 21.7 30.8 147.0 396.5
Running time | 0mM30 6m51 10m29 58m10 187m43

Table 1. Size and Pfafstetter labeling time for the 'v e DEMs.
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Dataset Ten1Ten2 Ten 3 Ten 4 Neuse
Constructing T 16% 9% 8% 7% 16%
Constructing T 64% 65% 66% 69% 62%

Labeling T' and T 5% 8% 7% 6% 6%
Sorting labeled cellsy 8% 13% 14% 13% 12%
Exporting data 6% 4% 5% 4% 5%

Table 2. Breakdown of labeling time for each of the 'v e DEMs.

since O(scan(N)) < O(sort(N))). It is also interesting to note that reading
and importing the initial grids (constructing T) and exporting the "nal results
is not an insigni cant portion of the total time. Overall, we concludethat our
algorithm is practically, as well as theoretically, excient.

The HUC (Hydrologic Unit Code) scheme deweloped by the Water Re-
sourcesDivision of the United States Geological Survey (USGS) [14] is an
example of a manual hierarchical watershed decompsition scheme di®erert
from the Pfafstetter method; it is a (up to) twelve level hierarchical decomyo-
sition of the terrain in the United States. Maps with eight-digit HUC labels
are currently available and ten to twelve digit HUC mapsare in developmert.
Howevwer, as discussedin the full version of this paper, Pfafstetter labels have
seweral advantagesover HUC labels.

To investigate how Pfafstetter label watershedscomputed using our al-
gorithm compareto the published digital USGS 8-digit HUCs, we compared
the two for a portion of the French Broad{Holston river basin (Ten 3 in the
Tablesand USGS HUC 060101).As can be seenon Figure 5, the watershed
boundariesagreewell. The Pfafstetter method divides the basininto nine sub-
basins,whereasthe USGSHUC only hasfour sub-basinsin the area; however
Pfafstetter basinscan easily be combined to form basinsthat are of approxi-
mately the sameextent asthe USGS basins(e.g., Pfafstetter basins 7,8, and
9 can be combined to approximate USGS sub-basin 05). A closeinspection
of the overlay of the two watershed decompositions showv minor discrepancies
betweenPfafstetter and USGSHUC watersheds,but our Pfafstetter labelsare
consistert with the underlying elewation, °ow direction and °ow accunulation
data. This consistencyacrossmultiple data layers is desirablein many GIS
applications and avoids the needto rely on multiple heterogeneougiata sets.

5 Conclusion

In this paper we preseried an I/O-excien t algorithm for computing the Pfaf-
stetter label of ead cell of a grid terrain model. We also preseried the results
of a preliminary experimental study that shawved that our algorithm is prac-
tically aswell astheoretically e+cient.
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(a) Pfafstetter (b) USGS

(c) Overlay

Fig. 5. Comparison of Pfafstetter label watershedsto USGS HUCs in the French
Broad{Holston river basin (HUC 060101).Common boundaries are generally in good
agreemer.
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