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Summary. Givena setS of pointsin R3 sampledfrom anelevationfunctionH : R2 ! R,
we presenta scalablealgorithmfor constructinga grid digital elevation model(DEM). Our
algorithmconsistsof threestages:First,weconstructaquadtreeonSto partitionthepointset
into asetof non-overlappingsegments.Next, for eachsegmentq, wecomputethesetof points
in q andall segmentsneighboringq. Finally, weinterpolateeachsegmentindependentlyusing
pointswithin thesegmentandits neighboringsegments.

Datasetsacquiredby LIDAR andothermodernmappingtechnologiesconsistof hundreds
of millions of pointsandaretoo largeto �t in mainmemory. Whenprocessingsuchmassive
datasets,thetransferof databetweendiskandmainmemory(alsocalledI/O), ratherthanthe
CPU time, becomesthe performancebottleneck.We thereforepresentan I/O-ef�cient algo-
rithm for constructinga grid DEM. Our experimentsshow that the algorithmscalesto data
setsmuchlarger thanthe sizeof main memory, while existing algorithmsdo not scale.For
example,usinga machinewith 1GBRAM, we wereableto constructa grid DEM containing
1.3billion cells(occupying 1.2GB)from a LIDAR datasetof over 390million points(occu-
pying 20GB)in about53hours.NeitherArcGISnorGRASS,two popularGISproducts,were
ableto processthisdataset.

1 Intr oduction

Oneof thebasictasksof a geographicinformationsystem(GIS) is to storea repre-
sentationof variousphysical propertiesof a terrainsuchaselevation, temperature,
precipitation,or waterdepth,eachof whichcanbeviewedasa real-valuedbivariate
function.Becauseof simplicity andef�cacy, oneof thewidely usedrepresentations
is theso-calledgrid representationin which a functionalvalueis storedin eachcell
of a two-dimensionaluniform grid. However, many modernmappingtechnologies
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do no acquiredataon a uniform grid. Hencetheraw datais a setS of N (arbitrary)
pointsin R3, sampledfrom a function H : R2 ! R. An importanttaskin GIS is
thusto interpolateSonauniformgrid of aprescribedresolution.

In this paper, we presenta scalablealgorithmfor this interpolationproblem.Al-
thoughour techniqueis general,we focuson constructinga grid digital elevation
model (DEM) from a setS of N points in R3 acquiredby modernmappingtech-
niquessuchasLIDAR. Thesetechniquesgeneratehugeamountsof high-resolution
data.For example,LIDAR3 acquireshighly accurateelevationdataataresolutionof
onepoint persquaremeteror betterandroutinelygenerateshundredsof millions of
points.It is not possibleto storethesemassive datasetsin the internalmemoryof
evenhigh-endmachines,andthedatamustthereforeresideon largerbut consider-
ablyslowerdisks.Whenprocessingsuchhugedatasets,thetransferof databetween
disk andmainmemory(alsocalledI/O), ratherthancomputation,becomestheper-
formancebottleneck.An I/O-ef�cient algorithmthatminimizesthenumberof disk
accessesleadsto tremendousruntimeimprovementsin thesecases.In this paperwe
develop an I/O-ef�cient algorithm for constructinga grid DEM of unprecedented
sizefrom massiveLIDAR datasets.

Related work. A variety of methodsfor interpolatinga surfacefrom a set of
points have beenproposed,including inversedistanceweighting (IDW), kriging,
spline interpolationandminimum curvaturesurfaces.Refer to [12] and the refer-
encestherein for a survey of the different methods.However, the computational
complexity of thesemethodsoften make it infeasibleto usethemdirectly on even
moderatelylargepointssets.Therefore,many practicalalgorithmsusea segmenta-
tion schemethat decomposesthe plane(or ratherthe areaof the planecontaining
the input points) into a setof non-overlappingareas(or segments), eachcontain-
ing asmallnumberof inputpoints.Onetheninterpolatesthepointsin eachsegment
independently. Numeroussegmentationschemeshavebeenproposed,includingsim-
ple regulardecompositionsanddecompositionsbasedon Voronoidiagrams[18] or
quadtrees[14, 11]. A few schemesusingoverlappingsegmentshave alsobeenpro-
posed[19, 17].

As mentionedabove,sinceI/O is typically thebottleneckwhenprocessinglarge
datasets,I/O-ef�cient algorithmsaredesignedto explicitly take advantageof the
largemainmemoryanddiskblocksize[2]. Thesealgorithmsaredesignedin amodel
in which the computerconsistsof an internal(or main) memoryof sizeM andan
in�nite externalmemory. Computationis consideredfreebut canonly occuron ele-
mentsin mainmemory;in oneI/O-operation, or simplyI/O, B consecutiveelements
canbetransferedbetweeninternalandexternalmemory. Thegoalof anI/O-ef�cient
algorithmis to minimizethenumberof I/Os.

Many £ (N ) time algorithmsthatdo not explicitly considerI/O use£ (N ) I/Os
whenusedin theI/O-model.However, the“linear” bound,thenumberof I/Osneeded
to readN elements,is only £ (scan(N )) = £ ( N

B ) in theI/O model.Thenumberof

3 In this paper, we considerLIDAR datasetsthatrepresenttheactualterrainandhave been
pre-processedby thedataprovidersto removespikesanderrorsdueto noise.



FromPointCloudto Grid DEM: A ScalableApproach 3

I/Os neededto sort N elementsis £ (sort(N )) = £ ( N
B logM =B

N
B ) [2]. In prac-

tice, B is on the order of 103–105, so scan(N ) and sort(N ) are typically much
smallerthanN . Thereforetremendousspeedupscanoftenbeobtainedby develop-
ing algorithmsthat useO(scan(N )) or O(sort(N )) I/Os ratherthan ­ (N ) I/Os.
NumerousI/O-ef�cient algorithmsanddatastructureshave beendevelopedin re-
cent years,including several for fundamentalGIS problems(refer to [4] and the
referencesthereinfor asurvey). Agarwal et.al [1] presentedageneraltop-down lay-
eredframework for constructinga certainclassof spatialdatastructures–including
quadtrees–I/O-ef�ciently . HjaltasonandSamet[9] alsopresentedan I/O-ef�cient
quad-treeconstructionalgorithm.This optimal O(sort(N )) I/O algorithmis based
on assigninga Morton block index to eachpoint in S, encodingits locationalonga
Morton-order(Z-order)space-�lling curve,sortingthepointsby this index, andthen
constructingthestructurein abottom-upmanner.

Our appr oach. In thispaperwedescribeanI/O-ef�cient algorithmfor construct-
ing a grid DEM from LIDAR pointsbasedon quad-treesegmentation.Most of the
segmentationbasedalgorithmsfor this problemcanbe consideredasconsistingof
threeseparatephases;thesegmentationphase,wherethedecompositionis computed
basedon S; theneighbor�nding phase,wherefor eachsegmentin thedecomposi-
tion thepointsin thesegmentandtherelevantneighboringsegmentsarecomputed;
andtheinterpolationphase,wherea surfaceis interpolatedin eachsegmentandthe
interpolatedvaluesof thegrid cells in thesegmentarecomputed.In this paper, we
aremore interestedin the segmentationandneighbor�nding phasesthanthe par-
ticular interpolationmethodusedin the interpolationphase.We will focuson the
quadtreebasedsegmentationschemebecauseof its relative simplicity andbecause
it hasbeenusedwith several interpolationmethodssuchasthin platesplines[14]
andB-splines[11]. We believe thatour techniqueswill applyto othersegmentation
schemesaswell.

Our algorithm implementsall threephasesI/O-ef�ciently , while allowing the
useof any giveninterpolationmethodin theinterpolationphase.Givena setSof N
points,adesiredoutputgrid speci�edby aboundingboxandacell resolution,aswell
asathresholdparameterkmax , thealgorithmusesO( N

B
h

log M
B

+ sort(T)) I/Os,where

h is the heightof a quadtreeon S with at mostkmax pointsin eachleaf, andT is
thenumberof cellsin thedesiredgrid DEM. Notethatthis is O(sort(N ) + sort(T))
I/Os if h = O(log N ), thatis, if thepointsin Saredistributedsuchthatthequadtree
is roughlybalanced.

Thethreephasesof ouralgorithmaredescribedin Section2, Section3 andSec-
tion 4. In Section2 wedescribehow to constructaquadtreeonSwith atmostkmax

points in eachleaf using O( N
B

h
log M

B
) I/Os. The algorithm is basedon the frame-

work of Agarwal et. al [1]. Althoughnot asef�cient asthealgorithmby Hjaltason
andSamet[9] in the worst case,we believe that it is simplerandpotentiallymore
practical;for example,it doesnot requirecomputationof Morton block indicesor
sortingof the input points.Also in mostpracticalcaseswhereS is relatively nicely
distributed,for examplewhenworking with LIDAR data,the two algorithmsboth
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useO(sort(N )) I/Os.In Section3 wedescribehow to �nd thepointsin all neighbor
leavesof eachquad-treeleaf usingO( N

B
h

log M
B

) I/Os. The algorithmis simpleand
very similar to our quad-treeconstructionalgorithm;it takesadvantageof how the
quadtreeis naturallystoredon disk duringthesegmentationphase.Notethatwhile
HjaltasonandSamet[9] donotdescribeaneighbor�nding algorithmbasedon their
Morton block approach,it seemspossibleto usetheir approachandanI/O-ef�cient
priority queue[5] to obtainanO(sort(N )) I/O algorithmfor theproblem.However,
this algorithmwould bequitecomplex andthereforeprobablynot of practicalinter-
est.Finally, in Section4 we describehow to apply an interpolationschemeto the
pointscollectedfor eachquad-treeleaf, evaluatethecomputedfunctionat therele-
vantgrid cellswithin thesegmentcorrespondingto eachleaf,andconstructthe�nal
grid usingO(scan(N )) + O(sort(T)) I/Os. As mentionedearlier, we canuseany
giveninterpolationmethodwithin eachsegment.

To investigate the practicalef�ciency of our algorithmwe implementedit and
experimentallycomparedit to otherinterpolationalgorithmsusingLIDAR data.To
summarizetheresultsof our experiments,we show that,unlike existing algorithms,
our algorithmscalesto datasetsmuchlarger thanthe main memory. For example,
usinga 1GB machinewe wereableto constructa grid DEM containing1.3 billion
points(occupying 1.2GB)from a LIDAR datasetof over 390million points(occu-
pying 20GB)in just53hours.Thisdatasetis anorderof magnitudelargerthanwhat
couldbehandledby two popularGIS products–ArcGISandGRASS.In additionto
supportinglargeinput point sets,we werealsoableto constructvery largehigh res-
olution grids; in oneexperimentwe constructeda onemeterresolutiongrid DEM
containingmorethan53 billion cells—storingjust a singlebit for eachgrid cell in
thisDEM requires6GB.

In Section5 we describethe details of the implementationof our theoreti-
cally I/O-ef�cient algorithmthatusesa regularizedsplinewith tensioninterpolation
method[13]. We alsodescribethe detailsof an existing algorithmimplementedin
GRASSusingthesameinterpolationmethod;this algorithmis similar to oursbut it
is not I/O-ef�cient. In Section6 wedescribetheresultsof theexperimentalcompar-
isonof our algorithmto otherexisting implementations.As partof this comparison,
we presenta detailedcomparisonof thequality of thegrid DEMs producedby our
algorithm and the similar algorithm in GRASSthat show the resultsare in good
agreement.

2 Segmentation Phase: Quad-Tree Construction

GivenasetSof N pointscontainedin aboundingbox[x1; x2]£ [y1; y2] in theplane,
anda thresholdkmax , we wish to constructa quadtreeT [8] on S suchthat each
quad-treeleaf containsat mostkmax points.Note that the leavesof T partition the
boundingbox [x1; x2] £ [y1; y2] into asetof disjointareas,whichwecall segments.

Incremental construction. T canbe constructedincrementallysimply by in-
sertingthe pointsof S oneat a time into an initially emptytree.For eachpoint p,
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we traversea root-leafpath in T to �nd the leaf v containingp. If v containsless
thankmax points,wesimply insertp in v. Otherwise,wesplit v into four new leaves,
eachrepresentinga quadrantof v, andre-distributep andthepointsin v to thenew
leaves.If h is the heightof T, this algorithmusesO(N h) time. If the input points
in Sarerelatively evenly distributedwe have h = O(log N ), andthealgorithmuses
O(N logN ) time.

If S is so large that T must resideon disk, traversinga path of lengthh may
requireasmany ash I/Os, leadingto an I/O costof O(N h) in the I/O-model.By
storing(or blocking) thenodesof T ondisk intelligently, wemaybeableto accessa
subtreeof depthlogB (sizeB ) in asingleI/O andthusreducethecostto O(N h

log B )
I/Os.Cachingthetop-mostlevelsof thetreein internalmemorymayalsoreducethe
numberof I/Os needed.However, sincenot all thelevels�t in internalmemory, it is
hardto avoid spendingan I/O to accessa leaf duringeachinsertion,or ­ (N ) I/Os
in total. Sincesort(N ) ¿ N in almostall cases,the incrementalapproachis very
inef�cient whentheinputpointsdonot �t in internalmemory.

Level-b y-level construction. A simple I/O-ef�cient alternative to the incre-
mentalconstructionalgorithmis to constructT level-by-level: We �rst constructthe
�rst level of T, therootv, by scanningthroughSand,if N > kmax , distributingeach
point p to oneof four leaf lists on disk correspondingto thechild of v containingp.
Oncewe have scannedS andconstructedonelevel, we constructthe next level by
loadingeachleaf list in turnandconstructingleaf lists for thenext level of T. While
processingonelist wekeepabuffer of sizeB in memoryfor eachof thefour new leaf
lists (childrenof theconstructednode)andwrite buffers to the leaf lists on disk as
they run full. Sincewe in total scanSon eachlevel of T, thealgorithmusesO(N h)
time, the sameas the incrementalalgorithm,but only O(N h=B) I/Os. However,
even in the caseof h = log4 N , this approachis still a factorof logM

B

N
B =log4 N

from theoptimalO( N
B logM

B

N
B ) I/O bound.

Hybrid construction. Using the framework of Agarwal et. al [1], we designa
hybrid algorithmthat combinesthe incrementalandlevel-by-level approaches.In-

NE

NW

SW

SE

Fig. 1. Constructionof a quad-treelayerof depththreewith kmax = 2. Oncea leaf at depth
threeis created,no furthersplitting is done;insteadadditionalpointsin theleaf arestoredin
leaf lists shown below shadednodes.After processingall pointstheshadedleaveswith more
thantwo pointsareprocessedrecursively.
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steadof constructinga single level at a time, we canconstructa layer of log4
M
B

levels.Because4log 4
M
B = M =B < M , we constructthe layer entirely in internal

memoryusing the incrementalapproach:We scanthroughS, insertingpointsone
at a time while splitting leavesandconstructingnew nodes,exceptif thepathfrom
theroot of thelayerto a leaf of thelayer is of heightlog4

M
B . In this case,we write

all pointscontainedin sucha leaf v to a list L v on disk. After all pointshave been
processedandthe layerconstructed,we write the layer to disk sequentiallyandre-
cursively constructlayersfor eachleaf list L i . Referto Figure1.

Sincea layerhasat mostM =B nodes,we cankeepa internalmemorybuffer of
sizeB for eachleaf list andonly write points to disk whena buffer runsfull (for
leavesthatcontainlessthanB pointsin total,we write thepointsin all suchleaves
to asinglelist afterconstructingthelayer).In thiswaywecanconstructa layeronN
pointsin O(N=B) = scan(N ) I/Os. Sincea treeof heighth hash=log4

M
B layers,

the total constructioncost is O( N
B

h
log M

B
) I/Os. This is sort(N ) = O( N

B logM
B

N
B )

I/Oswhenh = O(log N ).

3 Neighbor Finding Phase

Let T bea quadtreeon S. We saythat two leavesareneighborsif their associated
segmentssharepartof anedgeor a corner. Referto Figure2 for anexample.If L is
thesetof segmentsassociatedwith theleavesof T, wewantto �nd for eachq 2 L the
setSq of pointscontainedin q andtheneighborleavesof q. As for theconstruction
algorithm,we�rst describeanincrementalalgorithmandthenimprove its ef�ciency
usinga layeredapproach.

q

Fig. 2. The segmentq associatedwith a leaf of a quadtreeand its six shadedneighboring
segments.

Incremental appr oach. For eachsegmentq 2 L , we can�nd thepointsin the
neighborsof q usinga simplerecursive procedure:Startingat the root v of T, we
compareq to the segmentsassociatedwith the four childrenof v. If the bounding
box of a child u sharesa point or partof anedgewith q, thenq is a neighborof at
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leastoneleaf in the treerootedin u; we thereforerecursively visit eachchild with
anassociatedsegmentthateitherneighborsor containsq. Whenwe reacha leaf we
insertall pointsin theleaf in Sq.

To analyzethealgorithm,we �rst boundthetotal numberof neighborsegments
foundover all segmentsq 2 L . Considerthenumberof neighborsegmentsthatare
at leastthesamesizeasa givensegmentq; at mostonesegmentcanshareeachof
q's four edges,andatmostfour moresegmentscansharethefour cornerpointsof q.
Thus,thereareatmosteightsuchneighborsegments.Becausetheneighborrelation
is symmetric,the total numberof neighborsegmentsover all segmentsis at most
twice thetotal numberof neighborsegmentswhich areat leastthesamesize.Thus
thetotalnumberof neighborsegmentsoverall segmentsis atmost16timesthenum-
berof leavesof T. Becausethetotalnumberof leavesis atmost4N=kmax , andsince
theabove algorithmtraversesa pathof heighth for eachneighbor, it visits O(N h)
nodesin total.Furthermore,aseachleafcontainsatmostkmax points,thealgorithm
reportsO(N kmax ) points in total. Thus the total running time of the algorithmis
O((h + kmax )N ) = O(hN )) . This is alsotheworstcaseI/O cost.

Layered appr oach. To �nd thepointsin theneighboringsegmentsof eachseg-
mentin L usinga layeredapproachsimilar to theoneusedto constructT, we �rst
loadthetop log4

M
B levelsof T into memory. We thenassociatewith eachleaf u in

the layer, a buffer Bu of sizeB in internalmemoryanda list L u in externalmem-
ory. For eachsegmentq 2 L , we usethe incrementalalgorithmdescribedabove to
�nd theleavesof thelayerwith anassociatedsegmentthatcompletelycontainsq or
sharepart of a boundarywith q. Supposeu is sucha layer leaf. If u is alsoa leaf
of theentiretreeT, we addthepair (q; Su ) to a global list ¤ , whereSu is thesetof
pointsstoredat u. Otherwise,we addq to the buffer Bu associatedwith u, which
is written to L u on disk whenBu runsfull. After processingall segmentsin L , we
recursively processthe layersrootedat eachleaf nodeu andits correspondinglist
L u . Finally, afterprocessingall layers,we sort theglobal list of neighborpoints¤
by the�rst elementq in thepairs(q; Su ) storedin ¤ . After this, thesetSq of points
in theneighboringsegmentsof q arein consecutive pairsof ¤ , sowe canconstruct
all Sq setsin asimplescanof ¤ .

Sincewe accessnodesin T during the above algorithmin the sameorderthey
wereproducedin theconstructionof T, we canprocesseachlayerof log4

M
B levels

of T in scan(N ) I/Os.Furthermore,since
P

q jSqj = O(N ), thetotalnumberof I/Os
usedto sortandscan¤ is O(sort(N )) . ThusthealgorithmusesO( N

B
h

log M
B

) I/Os in

total,which is O(sort(N )) whenh = O(log N ).

4 Interpolation Phase

GiventhesetSq of pointsin eachsegmentq (quadtreeleafarea)andtheneighboring
segmentsof q, wecanperformtheinterpolationphasefor eachsegmentq in turnsim-
ply by usingany interpolationmethodwelikeonthepointsin Sq, andevaluatingthe
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computedfunctionto interpolateeachof thegrid cellsin q. Since
P

q jSqj = O(N ),
andassumingthateachSq �ts in memory(otherwisewemaintaina internalmemory
priority queueto keepthenmax < M pointsin Sq thatareclosestto thecenterof q,
andinterpolateon this subset),we canreadeachSq into mainmemoryandperform
theinterpolationin O(scan(N )) I/Os in total.However, we cannotsimply write the
interpolatedgrid cellsto anoutputgrid DEM asthey arecomputed,sincethis could
resultin an I/O percell (or persegmentq). Insteadwe write eachinterpolatedgrid
cell to a list alongwith its position(i; j ) in thegrid; we buffer B cellsat a time in
memoryandwrite thebuffer to disk whenit runsfull. After processingeachsetSq,
we sort thelist of interpolatedgrid cellsby positionto obtaintheoutputgrid. If the
outputgrid hassizeT, computingtheT interpolatedcellsandwriting themto thelist
takesO(T=B) I/Os. Sortingthecells take O(sort(T)) I/Os. Thusthe interpolation
phaseis performedin O(scan(N ) + sort(T)) I/Os in total.

5 Implementation

We implementedour methodsin C++ using TPIE [7, 6], a library that easesthe
implementationof I/O-ef�cient algorithmsand datastructuresby providing a set
of primitives for processinglarge datasets.Our algorithm takes as input a set S
of points,a grid size,and a parameterkmax that speci�es the maximumnumber
of pointsperquadtreesegment,andcomputesthe interpolatedsurfacefor thegrid
usingoursegmentationalgorithmandaregularizedsplinewith tensioninterpolation
method[13]. Wechosethisinterpolationmethodbecauseit is usedin theopensource
GIS GRASSmodules.surf.rst [14]—the only GRASSsurfaceinterpolation
methodthatusessegmentationto handlelargerinputsizes—andprovidesameansto
compareour I/O-ef�cient approachto anexisting segmentationmethod.Below we
discusstwo implementationdetailsof ourapproach:thinningtheinputpointset,and
supportinga bit mask. Additionally, we highlight themaindifferencesbetweenour
implementationands.surf.rst .

Thinning point sets. BecauseLIDAR point setscanbe very dense,thereare
often several cells in the outputgrid that containmultiple input points,especially
whenthegrid cell sizeis large.Sinceit is not necessaryto interpolateat sub-pixel
resolutions,computationalef�ciency improvesif oneonly includespointsthat are
suf�ciently far from otherpointsin a quad-treesegment.Our implementationonly
includespointsin asegmentthatareat leastauser-speci�eddistance" from all other
pointswithin thesegment.By default, " is half thesizeof agrid cell. We implement
this featurewith no additionalI/O costsimply by checkingthe distancebetweena
new pointp andall otherpointswithin thequad-treeleafcontainingp anddiscarding
p if it is within adistance" of anotherpoint.

Bit mask. A commonGIS featureis the ability to specifya bit maskthat skips
computationon certaingrid cells. The bit maskis a grid of the samesize as the
outputgrid, whereeachcell hasazeroor onebit value.Weonly interpolategrid cell
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valueswhenthe bit maskfor the cell hasthe valueone.Bit masksareparticularly
useful when the input dataset consistsof an irregularly shapedregion wherethe
input pointsareclusteredandlarge areasof the grid arefar from the input points.
Skippingthe interpolationof thesurfacein theseplacesreducescomputationtime,
especiallywhenmany of thebit maskvaluesarezero.

For high resolutiongrids, the numberof grid cells can be very large, and the
bit maskmay be larger than internalmemoryandmust resideon disk. Randomly
queryingthe bit maskfor eachoutputgrid cell would be very expensive in terms
of I/O cost.Using thesame�ltering ideadescribedin Section2 andSection3, we
�lter thebit maskbits throughthequad-treelayerby layersuchthateachquad-tree
segmentgetsacopy of thebit maskbits it needsduringinterpolation.Thealgorithm
usesO( T

B
h

log M
B

) I/Os in total, whereT is the numberof cells in the outputgrid,

which is O(sort(T)) when h = O(log N ). The bits for a given segmentcan be
accessedsequentiallyaswe interpolateeachquad-treesegment.

GRASS Implementation. TheGRASSmodules.surf.rst usesaquad-tree
segmentation,but is not I/O-ef�cient in severalkey areaswhich we brie�y discuss;
constructingthequadtree,supportinga bit mask,�nding neighbors,andevaluating
grid cells.All datastructuresin theGRASSimplementationwith theexceptionof the
outputgrid arestoredin memoryandmustuseconsiderablyslower swapspaceon
disk if internalmemoryis exhausted.Duringconstructionpointsaresimply inserted
into an internalmemoryquadtreeusingthe incrementalconstructionapproachof
Section2. Thinning of pointsusing the parameter" during constructionis imple-
mentedexactly asour implementation.Thebit maskin s.surf.rst is storedas
a regulargrid entirely in memoryandis accessedrandomlyduring interpolationof
segmentsinsteadof sequentiallyin ourapproach.

Pointsfrom neighboringquad-treesegmentarenot found in advanceasin our
algorithm,but arefoundwheninterpolatinga givenquad-treesegmentq; thealgo-
rithm createsawindow w by expandingq in all directionsby awidth ±andquerying
the quadtreeto �nd all pointswithin w. The width ± is adjustedby binary search
until thenumberof pointswithin w is betweena userspeci�ed range[nmin , nmax ].
Oncean appropriatenumberof pointsis found for a quad-treesegmentq, the grid
cells in q are interpolatedandwritten directly to the properlocation in the output
grid by randomlyseekingto theappropriate�le offsetandwriting the interpolated
results.Wheneachsegmenthasa small numberof cells,writing the valuesof the
T outputgrid cellsusesO(T) À sort(T) I/Os.Our approachconstructstheoutput
grid usingthesigni�cantly bettersort(T) I/Os.

6 Experiments

Weranasetof experimentsusingour I/O-ef�cient implementationof ouralgorithm
andcomparedour resultsto existingGIS tools.Webegin by describingthedatasets
on which we ran theexperiments,thencomparetheef�ciency andaccuracy of our
algorithmwith othermethods.We show that our algorithmis scalableto over 395
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(a) (b)

Fig. 3. (a) Neuseriver basindatasetand(b) OuterBanksdataset,with zoomto very small
region.

million pointsandover 53 billion outputgrid cells–wellbeyond the limits of other
GIS toolswe tested.

Experimental setup. We ran our experimentson an Intel 3.4GHzPentium4
hyper-threadedmachinewith 1GBof internalmemory, over4GBof swapspace,and
runningaLinux 2.6kernel.Themachinehadapairof 400GBSATA diskdrivesin a
non-RAIDcon�guration.Onediskstoredtheinputandoutputdatasetsandtheother
diskwasusedfor temporaryscratchspace.

For our experimentswe usedtwo large LIDAR datasets,freely availablefrom
online sources;one of the Neuseriver basinfrom the North CarolinaFloodmaps
project[15] andoneof theNorth CarolinaOuterBanksfrom NOAA's CoastalSer-
vicesCenter[16].

Neuseriver basin.This datasetcontains500 million points,morethan20 GB
of raw data;seeFigure3(a).Thedatahavebeenpre-processedby thedataproviders
to remove mostpointson buildings andvegetation.The averagespacingbetween
pointsis roughly20ft.

Outerbanks.Thisdatasetcontains212million LIDAR points,9 GB of raw data;
seeFigure3(b). Datapointsarecon�ned to a narrow strip (a zoomof a very small
portionof thedatasetis shown in the�gure). Thisdatasethasnotbeenheavily pre-
processedto remove buildingsandvegetation.Theaveragepoint spacingis roughly
3ft.

Scalability results. We ran our algorithm on both the Neuseriver and Outer
Banksdatasetsat varying grid cell resolutions.Becausewe usedthe default value
of " (half the grid cell size) increasingthe sizeof grid cells decreasedthe number
of points in the quadtreeandthe numberof pointsusedfor interpolation.Results
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aresummarizedin Table1. In eachtest,the interpolationphasewasthemosttime-
consumingphase;interpolationconsumedover80%of thetotal runningtimeon the
Neuseriver basindataset.For eachtestwe useda bit maskto ignorecells more
than300ft from theinput points.Becauseof the irregularshapeof theOuterBanks
data,this bit maskis very large,but relatively sparse(containingvery few “1” bits).
Therefore,�ltering the bit maskand writing the output grid for the Outer Banks
datawererelatively time-consumingphaseswhencomparedto theNeuseriverdata.
Note that the numberof grid cells in the Outer Banksis roughly threeordersof
magnitudegreaterthanthenumberof quad-treepoints.As thegridcell sizedecreases
andthetotalnumberof cellsincreases,bit maskandgrid outputoperationsconsume
a greaterpercentageof the total time. At a resolutionof 5ft, thebit maskalonefor
theOuterBanksdatasetis over 6GB.Evenat suchlargegrid sizes,interpolation—
aninternalmemoryprocedure—wasthemosttime-consumingphase,indicatingthat
I/O wasnotabottleneckin ouralgorithm.

Dataset Neuse OuterBanks
Resolution(ft) 20 40 5 10

Outputgrid cells(£ 106) 1360 340 5316013402
quad-treepoints(£ 106) 395 236 128 66

TotalTime (hrs) 53.024.4 17.7 6.9
Timespentto... (%)
Build tree 2.0 3.8 4.5 8.6
FindNeighbors 10.615.1 14.5 16.4
Filter Bit mask 0.2 0.3 13.1 8.0
Interpolate 86.480.4 52.6 57.8
Write Output 0.8 0.4 15.3 9.2

Table1. Resultsfrom theNeuseriverbasinandtheOuterBanksdatasets.

Wealsotriedto testotheravailableinterpolationmethods,includings.surf.rst
in theopensourceGIS GRASS;kriging, IDW, spline,andtopo-to-raster(basedon
ANUDEM [10]) tools in ArcGIS 9.1;andQTModeler4 from Applied Imagery[3].
Only s.surf.rst supportedthethinningof datapointsbasedon cell size,sofor
theotherprogramswe simply useda subsetof thedatapoints.Noneof theArcGIS
tools could processmorethan25 million pointsfrom the Neuseriver basinat 20ft
resolutionandevery tool crashedon large input sizes.The topo-to-rastertool pro-
cessedthelargestsetamongsttheArcGIS toolsat21million points.

Thes.surf.rst couldnot processmorethan25 million pointseither. Using
a resolutionof 200ft, s.surf.rst couldprocessthe entireNeusedatasetin six
hours,but thequadtreeonly contained17.4million points.Ouralgorithmprocessed
the samedatasetat 200ft resolutionin 3.2 hours.On a small subsetof the Outer
Banksdatasetcontaining48.8million points,s.surf.rst , built a quadtreeon
7.1 million pointsandcomputedthe outputgrid DEM in threehours,comparedto
49minutesfor ouralgorithmon thesamedataset.
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TheQTModelerprogramprocessedthelargestdatasetamongsttheothermeth-
odswe tested,approximately50 million points,using1GB of RAM. Thedocumen-
tationfor QTModelerstatesthattheirapproachis basedonaninternalmemoryquad
treeandcanprocess200million pointswith 4GBof availableRAM. Wecanprocess
adatasetalmosttwiceaslargeusinglessthan1GBof RAM.

Overall, we have seenthatour algorithmis scalableto very largepoint setsand
very large grid sizesand we demonstratedthat many of the commonlyusedGIS
tools cannotprocesssuchlarge datasets.Our approachfor building the quadtree
and �nding points in neighboringsegmentsis ef�cient and never took more than
25%of thetotal time in any of ourexperiments.Theinterpolationphase,aninternal
stepthatreadspointssequentiallyfrom diskandwritesgrid cellssequentiallyto disk,
wasthemosttime-consumingphaseof theentirealgorithm.

Comparison of constructed grids. To show thatour methodconstructscor-
rect outputgrids,we comparedour outputon the Neuseriver basinto the original
input pointsaswell asto grid DEMs createdby s.surf.rst , andDEMs freely
available from NC Floodmaps.Becauses.surf.rst cannotprocessvery large
datasets,we ran our testson a small subsetof the Neuseriver datasetcontaining
13 million points.Theoutputresolutionwas20ft, " wassetto thedefault 10ft, and
the outputgrid had3274rows and3537columnsfor a total of 11.6 million cells.
Approximately11million pointswerein thequadtree.

Fig. 4. Distributionof deviationsbetweeninputpointsandinterpolatedsurface(kmax = 35).

The interpolationfunction we testeduseda smoothingparameterandallowed
the input pointsto deviateslightly from the interpolatedsurface.We usedthesame
default smoothingparameterusedin theGRASSimplementationandcomparedthe
distribution of deviationsbetweentheinput pointsandtheinterpolatedsurface.The
resultswere independentof kmax , the maximumnumberof points per quad-tree
segment.In all tests,at least79%of thepointshadnodeviation,andover98%of the
pointshadadeviationof lessthanoneinch.Resultsfor s.surf.rst weresimilar.
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Sincetheresultswereindistinguishablefor variouskmax parameters,we show only
oneof thecumulative distribution functions(CDF) for kmax = 35 in Figure4.

Next, we computedtheabsolutedeviation betweengrid valuescomputedusing
s.surf.rst andourmethod.Wefoundthatover98%of thecellsagreedwithin 1
inch, independentof kmax . Themethodsdiffer slightly becauses.surf.rst uses
a variablesizewindow to �nd pointsin neighboringpointsof a quad-treesegment
q and may not chooseall points from immediateneighborsof q when the points
aredenseandmay expandthe window to includepoints in segmentsthat arenot
immediateneighborsof q whenthepointsaresparse.In Figure5(a)we show a plot
of theinterpolatedsurfacealongwith anoverlayof cellswherethedeviationexceeds
3 inches.Noticethatmostof thebadspotsarealongtheborderof thedatasetwhere
our methodis lesslikely to getmany pointsfrom neighboringquad-treeleavesand
nearthelakein theupperleft cornerof theimagewhereLIDAR signalsareabsorbed
by thewaterandthereareno inputdatapoints.

(a) (b)

Fig. 5. Interpolatedsurfacegeneratedby ourmethod.Blackdotsindicatecellswherethedevi-
ationbetweenourmethodand(a) s.surf.rst is greaterthanthreeinches,(b) nc�oodmap
datais greaterthantwo feet.

Finally, wecomparedbothouroutputandthatof s.surf.rst to the20ft DEM
dataavailablefrom the NC Floodmapsproject.A CDF in Figure6 of the absolute
deviation betweenthe interpolatedgrids and the “base” grid from NC Floodmaps
shows thatbothimplementationshave anidenticalCDF curve.However, theagree-
mentbetweentheinterpolatedsurfacesandthebasegrid is notasstrongastheagree-
mentbetweenthe algorithmswhencomparedto eachother. An overlay of regions
with deviation greaterthantwo feet on basemapshown in Figure5(b) revealsthe
sourceof the disagreement.A river network is clearly visible in the �gure indicat-
ing that somethingis very differentbetweenthe two datasetsalongthe rivers.NC
Floodmapsusessupplementalbreak-linedatathatis notpartof theLIDAR pointset
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to enforcedrainageandprovide betterboundariesof lakes in areaswhereLIDAR
hastroublecollectingdata.Asidefrom therivers,theinterpolatedsurfacegenerated
by eitherour methodor theexisting GRASSimplementationagreereasonablywell
with theprofessionallyproducedandpublicly availablebasemap.

Fig. 6.Cumulativedistributionof deviationbetweeninterpolatedsurfaceanddatadownloaded
from nc�oodmaps.com.Deviation is similar for both our methodands.surf.rst for all
valuesof kmax .

7 Conc lusions

In this paperwe describean I/O-ef�cient algorithm for constructinga grid DEM
from point clouddata.We implementedour algorithmand,usingLIDAR data,ex-
perimentallycomparedit to otherexisting algorithms.The empirical resultsshow
that, unlike existing algorithms,our approachscalesto datasetsmuch larger than
thesizeof mainmemory. Althoughwe focusedon elevationdata,our techniqueis
generalandcanbeusedto computethegrid representationof any bivariatefunction
from irregularlysampleddatapoints.

For futurework,wewould liketo consideranumberof relatedproblems.Firstly,
oursolutionis constructedin suchawaythattheinterpolationphasecanbeexecuted
in parallel.A parallel implementationshouldexpeditethe interpolationprocedure.
Secondly, as seenin Figure 5(b), grid DEMs are often constructedfrom multiple
sources,includingLIDAR pointsandsupplementalbreak-lineswherefeaturepreser-
vationis important.Futureworkwill examinemethodsof incorporatingmultipledata
sourcesinto DEM construction.Finally, theability to createlargescaleDEMs ef�-
ciently from LIDAR datacouldleadto furtherimprovementsin topographicanalysis
including suchproblemsasmodellingsurfacewater �o w or detectingtopographic
changein timeseriesdata.



FromPointCloudto Grid DEM: A ScalableApproach 15

References

1. P. K. Agarwal, L. Arge, O. Procopiuc,and J. S. Vitter. A framework for index bulk
loadinganddynamization.In Proc. InternationalColloquiumon Automata,Languages,
andProgramming, pages115–127,2001.

2. A. Aggarwal andJ. S. Vitter. The Input/Outputcomplexity of sortingandrelatedprob-
lems.Communicationsof theACM, 31(9):1116–1127,1988.

3. Applied Imagery.http://www.appliedimagery.com,5 March2006.
4. L. Arge. External-memoryalgorithmswith applicationsin geographicinformationsys-

tems. In M. vanKreveld, J. Nievergelt, T. Roos,andP. Widmayer, editors,Algorithmic
Foundationsof GIS, pages213–254.Springer-Verlag,LNCS1340,1997.

5. L. Arge. The buffer tree: A techniquefor designingbatchedexternal datastructures.
Algorithmica, 37(1):1–24,2003.

6. L. Arge, R. Barve, O. Procopiuc, L. Toma, D. E. Vengroff, and R. Wick-
remesinghe. TPIE User Manual and Reference (edition 0.9.01a). Duke Univer-
sity, 1999. The manual and software distribution are available on the web at
http://www.cs.duke.edu/TPIE/ .

7. L. Arge,O. Procopiuc,andJ. S. Vitter. ImplementingI/O-ef�cient datastructuresusing
TPIE. In Proc.EuropeanSymposiumonAlgorithms, pages88–100,2002.

8. M. deBerg, M. vanKreveld,M. Overmars,andO. Schwarzkopf. ComputationalGeom-
etry– AlgorithmsandApplications. SpringerVerlag,Berlin, 1997.

9. G.R.HjaltasonandH. Samet.Speedingupconstructionof quadtreesfor spatialindexing.
VLDB, 11(2):109–137,2002.

10. M. F. Hutchinson. A new procedurefor gridding elevation and streamline datawith
automaticremoval of pits. Journalof Hydrology, 106:211–232,1989.

11. S. Lee, G. Wolberg, and S. Y. Shin. Scattereddata interpolationwith multilevel B-
splines. IEEE Transactionson Visualizationand ComputerGraphics, 3(3):228–244,
July–September1997.

12. L. Mitas andH. Mitasova. Spatialinterpolation. In P. Longley, M. F. Goodchild,D. J.
Maguire,andD. W. Rhind,editors,Geographic InformationSystems- Principles,Tech-
niques,Management,andApplications. Wiley, 1999.

13. H. Mitasova andL. Mitas. Interpolationby regularizedsplinewith tension:I. theoryand
implementation.MathematicalGeology, 25:641–655,1993.

14. H. Mitasova, L. Mitas, W. M. Brown, D. P. Gerdes,I. Kosinovsky, andT. Baker. Mod-
ellingspatiallyandtemporallydistributedphenomena:new methodsandtoolsfor GRASS
GIS. Int. J. GeographicalInformationSystems, 9(4):433–446,1995.

15. NC-Floodmaps.http://www.nc�oodmaps.com,5 March2006.
16. NOAA-CSC. LIDAR Data Retrieval Tool-LDART

http://www.csc.noaa.gov/crs/tcm/missions.html,5 March2006.
17. J. Pouderoux,I. Tobor, J.-C. Gonzato,and P. Guitton. Adaptive hierarchicalRBF in-

terpolationfor creatingsmoothdigital elevation models. In ACM-GIS, pages232–240,
November2004.

18. R. Sibson. A brief descriptionof naturalneighborinterpolation. In V. Barnett,editor,
InterpretingMultivariateData, pages21–36.JohnWiley andSons,1982.

19. H. Wendland. Fastevaluationof radial basisfunctions:Methodsbasedon partition of
unity. In C. K. Chui, L. L. Schumaker, and J. Stöckler, editors,ApproximationThe-
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